Abstract. We construct counterexamples to Yoshinaga's conjecture that every free arrangement is either inductively free or rigid in characteristic zero. The smallest example has 13 hyperplanes, its intersection lattice has a one dimensional moduli space, and it is free but not recursively free.
Introduction
Let A be an arrangement of hyperplanes. To A we may associate its module of derivations D(A) and its intersection lattice L(A), see Section 2 for definitions. If D(A) is a free module, then L(A) satisfies certain strong combinatorial properties, for example that the characteristic polynomial of L(A) factorizes into degree one polynomials over the integers: On the other hand, there are certain strong combinatorial properties of L(A) which imply that D(A) is a free module, for example if L(A) is inductively free. The holy grail in the field of arrangements is Terao's conjecture (see [8] , [9] , [10] , [15] , [14] , [16] , [6] , [11] ):
Open problem 1.2 (Terao) . Is the freeness of the module of derivations of any arrangement over a fixed field K a purely combinatorial property of its intersection lattice?
To be more precise: are there arrangements A 1 , A 2 in the same vector space V such that L(A 1 ) ∼ = L(A 2 ), D(A 1 ) is free, and D(A 2 ) is not free? We formulate Terao's Conjecture as an open problem here because there is a lot of evidence that it is wrong; we quote Ziegler [16] : "We believe that Terao's conjecture over large fields is in fact false." In fact I suppose that Terao himself has doubts that the answer is 'yes'. Figure 1 . An arrangement with 13 hyperplanes which is free but not recursively free and whose intersection lattice defines a one dimensional moduli space (the symbol ∞ stands for the line at infinity).
∞
Another formulation of Problem 1.2 is using the moduli space of all arrangements whose intersection lattice is a given lattice, see Section 3 for details:
Open problem 1.3. Does a lattice L exist such that the moduli space V(L) contains a free and a non-free arrangement?
Not much is known about this moduli space regarding freeness; Yuzvinsky [12] proved that the free arrangements form an open subset in V(L) (see also [11, Thm. 1.50] for the case of dimension three). The first intuition one gets when working with these notions is, that either the moduli space is very big and the free arrangements are inductively free, or the moduli space is zero dimensional and all its elements are Galois conjugates (let us call such an arrangement rigid ). Yoshinaga proposed to check the following conjecture which is stronger than Thus if there is a counterexample L to Terao's Conjecture in dimension three, then L cannot be inductively free, and a recursively free arrangement A with L = L(A) is very unlikely to exist. Another recent progress is our counterexample with Hoge [4] to the conjecture (see [13, 3.6] , [6, 4.3] , [7, 5] ) that free arrangements are recursively free in characteristic zero. Although recursive freeness is not a combinatorial property of the intersection lattice, it thus appears to be a good idea to investigate the (probably small) class of arrangements which are free but not recursively free. The smallest example provided in [4] has 27 hyperplanes. A natural question is thus how many hyperplanes such an example will have at least. I would like to emphasize that to my knowledge the two lattices presented here are the only two known such examples. Lattices satisfying these strong properties appear to be extremely rare.
After posting the first version of this paper, I was informed by Professor Takuro Abe that Abe, Kawanoue, and Nozawa also found the arrangement with 13 hyperplanes independently, see [2] .
Preliminaries
We shortly review the required notions, compare with [6] .
Definition 2.1. Let A be a central arrangement of hyperplanes, i.e. a finite set of linear hyperplanes in a fixed vector space V over a field K. Let S = S(V * ) denote the symmetric algebra of the dual space V * of V . We choose a basis x 1 , . . . , x r for V * and identify S with K[x 1 , . . . , x r ] via the natural isomorphism S ∼ = K[x 1 , . . . , x r ]. We write Der(S) for the set of derivations of S over K. It is a free S-module with basis where we use the notation { { * } } to emphasize the fact that it is a multiset. Remark that the exponents depend only on A, thus by Theorem 1.1 they depend only on L(A).
Definition 2.2 ([6, 1.12-1.14]). Let (A, V ) be an arrangement. We denote L(A) the set of all nonempty intersections of elements of A including the empty intersection V . For X ∈ L(A) define an arrangement (A X , X) in X by
We call A X the restriction of A to X. Let H 0 ∈ A. Let A ′ = A\{H 0 } and let A ′′ = A H 0 . We call (A, A ′ , A ′′ ) a triple of arrangements and H 0 the distinguished hyperplane. Thus the property of an arrangement A of being inductively free is a combinatorial property of its intersection lattice L(A). A class of arrangements which is bigger than the class of inductively free ones is: For α = (a 1 , . . . , a r ) ∈ K r we will write
a i x i = 0 .
Intersection lattices and moduli spaces
Given a matrix A ∈ K r×n , let A(A) be the arrangement A(A) := {ker α | α is a column vector of A, α = 0}.
Thus the map A → A(A) is a surjection onto the set of arrangements in K r with at most n hyperplanes.
Assume that (L, ≤) is a graded lattice, i.e. all maximal chains in L have the same length. This implies the existence of a map rk : L → Z such that for fixed n ∈ Z the set {U ∈ L | rk(U) = n} is an antichain.
For a fixed field, the set A(L) consisting of those arrangements A with L(A) ∼ = L is not an algebraic variety. However, in dimension three it is a constructible set: Proposition 3.1. Let L be a graded lattice with rk(L) = {0, . . . , 3}, K be a field, and
Proof. The isomorphism L(A(A)) ∼ = L implies that we know exactly which subsets of the columns of A are linearly independent or linearly dependent. These dependencies and independencies translate into equations of the form det(
If L is a poset, we write Aut(L) for the set of automorphisms of posets, i.e. the set of bijections preserving the relation in the poset.
Examples

Arrangements with 13 hyperplanes. Let R ⊆ Z[t]
3 be the set
We first consider the arrangement A t = {ker Q(t) α | α ∈ R} as an arrangement in the space Q(t) 3 . Labeling the hyperplanes of A t by 1, . . . , 13 (in the ordering given by the definition of R) and the one dimensional elements by 1, . . . , 30, the intersection lattice L(A t ) can be described by the following sequence of lists: [1, 2, 3, 4, 5, 6] , [1, 7, 8, 9, 10, 11] , [2, 7, 12, 13, 14, 15] , [2, 8, 16, 17, 18, 19] , [3, 7, 16, 20, 21, 22] , [3, 8, 12, 23, 24, 25] , [2, 9, 20, 23, 26, 27] , [4, 7, 17, 24, 26, 28] , [4, 9, 12, 18, 21, 29] , [5, 10, 12, 17, 20, 30] , [4, 8, 13, 22, 27, 30] , [6, 8, 14, 20, 28, 29] , [4, 11, 15, 19, 20, 25] , for example the third list encodes that (the projective points) 2, 7, 12, 13, 14, 15 lie on hyperplane number three. From the intersection lattice we can compute
and we see that A t is not inductively free by Lemma 2.6. For any field extension K/Q and each ω ∈ K, we also have a corresponding arrangement
If ω ∈ {0, 1,
, 2} we have |A t | = |A ω |, but the intersection lattices are different. See Figure 1 for a picture in the real projective plane of one of the A ω with ω / ∈ Z. Moreover, using the algorithm of [3] we get
Thus the moduli space of L(A t ) is one dimensional. A short computation with Singular shows that every arrangement in V C (L(A t )) is free. Further, A t is free but not recursively free. It is remarkable that the arrangements A ω , ω ∈ {−1, 1 2 , 2} are free as well, but their exponents are { {1, 5, 7} }.
The symmetry group of
Arrangements with 15 hyperplanes. Now let R ⊆ Z[t]
3 be the set R = {(1, 0, 0), (1, 1, 0), (1, 0, 1), (1, 1, 1), (1, t, 1), (0, 1, 0), (2, 1, 1) , (t + 1, t, 1), (t + 1, 1, 1), (2t, t, 1), (1, −t + 1, 1), (−3t + 1, t 2 − 3t + 1, −t), (3t − 1, t, t), (−3t + 1, −t 2 , −t), (3t − 1, 2t − 1, t)}.
With the analogous notations A t , A ω and similar computations as in the example with 13 hyperplanes, we get:
(1) If ω ∈ {0, 1, −1, (4) The arrangement in A t is free, but not recursively free with exponents { {1, 7, 7} }. The symmetry group of L(A t ) is Aut(L(A t )) ∼ = Z/2Z ≀ S 3 , thus isomorphic to the reflection group of type B 3 .
